Using molecular dynamics, we investigate the crystal nucleation in a Lennard-Jones fluid as a function of the degree of supercooling. At moderate supercooling, a nucleation picture applies, while for deeper quenches, the phenomenon progressively acquires a spinodal character. We show that in the nucleation regime, the freezing is a two-step process. The formation of the critical nucleus is indeed preceded by the abrupt formation of a precritical crystallite from a density fluctuation in the fluid. In contrast, as the degree of supercooling is increased, crystallization proceeds in a more continuous and collective fashion and becomes more spatially diffuse, indicating that the liquid is unstable and crystallizes by a spinodal mechanism. DOI: 10.1103/PhysRevLett.97.105701 PACS numbers: 64.60.Qb, 07.05.Tp, 82.20.ÿw In the absence of nucleation centers, moderately supercooled liquids are metastable, but after a finite time undergo homogeneous nucleation. This is usually described in terms of classical nucleation theory (CNT) in which spontaneous fluctuations lead to the formation of small crystallites [1, 2] . When a crystallite exceeds a critical size, i.e. when it overcomes the nucleation free energy barrier, the whole system crystallizes. In this picture, the critical nucleus is assumed spherical, and the nucleation barrier, which depends only on its size, is determined by a balance between surface and volume free energy terms. Several computer simulations have helped to elucidate the microscopic aspects of crystal nucleation for moderate supercooling and allowed free energy barriers and nucleation rates to be computed for model systems such as hardspheres [3, 4] and Lennard-Jones (LJ) [5] [6] [7] [8] . These models are representative of real systems, e.g. colloids or globular proteins, and the theoretical predictions can be verified experimentally [9, 10] . Nevertheless, calculations, as well as experiments, have proven challenging, and a comprehensive picture of crystallization kinetics and thermodynamics as a function of the degree of supercooling is still lacking. At deep quenches, the nucleation process was predicted to be affected by the proximity of a ''pseudospinodal'' [11, 12] , and earlier simulations of the freezing of LJ fluid supported this prediction [7, 13] , although the existence of a spinodal singularity for crystallization has not been proven yet.
Using molecular dynamics, we investigate the crystal nucleation in a Lennard-Jones fluid as a function of the degree of supercooling. At moderate supercooling, a nucleation picture applies, while for deeper quenches, the phenomenon progressively acquires a spinodal character. We show that in the nucleation regime, the freezing is a two-step process. The formation of the critical nucleus is indeed preceded by the abrupt formation of a precritical crystallite from a density fluctuation in the fluid. In contrast, as the degree of supercooling is increased, crystallization proceeds in a more continuous and collective fashion and becomes more spatially diffuse, indicating that the liquid is unstable and crystallizes by a spinodal mechanism. DOI In the absence of nucleation centers, moderately supercooled liquids are metastable, but after a finite time undergo homogeneous nucleation. This is usually described in terms of classical nucleation theory (CNT) in which spontaneous fluctuations lead to the formation of small crystallites [1, 2] . When a crystallite exceeds a critical size, i.e. when it overcomes the nucleation free energy barrier, the whole system crystallizes. In this picture, the critical nucleus is assumed spherical, and the nucleation barrier, which depends only on its size, is determined by a balance between surface and volume free energy terms. Several computer simulations have helped to elucidate the microscopic aspects of crystal nucleation for moderate supercooling and allowed free energy barriers and nucleation rates to be computed for model systems such as hardspheres [3, 4] and Lennard-Jones (LJ) [5] [6] [7] [8] . These models are representative of real systems, e.g. colloids or globular proteins, and the theoretical predictions can be verified experimentally [9, 10] . Nevertheless, calculations, as well as experiments, have proven challenging, and a comprehensive picture of crystallization kinetics and thermodynamics as a function of the degree of supercooling is still lacking. At deep quenches, the nucleation process was predicted to be affected by the proximity of a ''pseudospinodal'' [11, 12] , and earlier simulations of the freezing of LJ fluid supported this prediction [7, 13] , although the existence of a spinodal singularity for crystallization has not been proven yet.
In this Letter, we present a molecular dynamics (MD) study of the crystallization of a LJ fluid as a function of the degree of supercooling. The aim of this study is to ascertain to what extent CNT applies and to investigate how the degree of supercooling affects the crystallization process. We simulate an Argon fluid as described by an LJ potential [14] at temperature T=T melt 0:8 and pressure P 0:25 kbar. We study a system of 6912 particles with periodic boundary condition (PBC). This system size is much larger than the critical nucleus, hence PBC will not affect its formation. Temperature and pressure are controlled by a thermostat [15] and a barostat [16] . We checked that during crystallization, pressure and temperature do not exhibit anomalous fluctuations. At low supercooling, crystallization takes place in a time scale much longer than present day MD time scale. Much technical progress has recently been made in this field, and using methods such as transition path sampling (TPS) [17] , it is now possible to generate real dynamical trajectories in a computationally affordable time. In practice, we start from a crystallization trajectory, and at selected points along the path, the velocities are changed randomly while keeping the total kinetic energy constant. The maximum allowed change in velocity is 5%. By propagating forward and backward in time from these altered points, new trajectories are generated. The ones that lead to crystallization are accepted and are used as new starting points. By iterating this procedure, we were able to harness ten statistically independent crystallization trajectories.
Along these trajectories, we perform a commitment probability analysis (CPA) [17] , namely, we measure the probability that the system returns to the liquid state or proceeds toward crystallization when the particle velocities are changed and randomly chosen from the appropriate Maxwell distribution. The transition state ensemble consists of the configurations, in which nuclei are equally likely to promote crystallization or to dissolve. In transition state theory, this condition coincides with the maximum of the free energy along the proper reaction coordinate. We define a particle as solid-like, computing the dot product between its local q 6 vector, i.e. the expansion in spherical harmonics of the nearest neighbors bonding vectors (see Ref. [7] for details), with the ones of the neighboring atoms, normalized on the number of neighbors. We have verified that the distributions of this quantity in the liquid and in the solid are neatly separated. A broad distribution of the size of critical nuclei is found: n 240 34 atoms, which is consistent with earlier studies [8] . We can now examine whether CNT is able to describe this phenomenon. In CNT, the free energy of formation of a crystalline nucleus is given by G n S; (1) where is the difference of the chemical potentials in the solid and in the liquid phase, and is the interface free energy, while S is the nucleus surface area. Assuming, as it is done in CNT, that the nucleus is spherical and has the density of the fcc crystal ( fcc ), then S 4 1=3 3n= fcc 2=3 , and G is a function of n only. The CNT curve of Gn, obtained using for and the values computed for the same LJ system reported in the literature [7, 18] , predicts n 80 and a corresponding critical value for the free energy G 18:5k B T (Fig. 1) . For the LJ system, as well as for spherical colloids, CNT is known to largely underestimate the size of the critical nuclei and their work of formation by about 40% [3, 4, 8] , and it is not a surprise that our dynamically estimated n is so much larger than 80. We believe that a major cause for the failure of CNT is the assumption of spherical nucleus. In fact we find, in agreement with Ref. [8] , that the crystallites are far from spherical, especially the smaller ones, and Eq. (1) needs to be corrected for this effect. In order to take this effect into account, we assume that the crystallites have an ellipsoidal form with axes determined from the inertia tensor [19] . A measure of the anisotropy is given by the ratio between the longest and shortest inertia tensor axis that fluctuates around 3=2. We use this ellipsoidal approximation to evaluate directly the surface of the crystallites observed in the MD simulation, and their work of formation is computed using this estimate of S in Eq. (1) (Fig. 1) . The values provided by our ''extended CNT'' model, although rather scattered, give a much better estimation of n and G . They show that the effect of considering a more realistic approximation of the shape of the crystalline nuclei almost entirely accounts for the discrepancy between CNT and simulations, while, at the same time, they suggest that close to coexistence, the main features of nucleation are captured by classical thermodynamic models.
The cost of creating an interface between solid and liquid plays a central role in nucleation. It is therefore interesting to investigate how this quantity varies during the nucleation process. Surface free energies are difficult to evaluate, but one can monitor related quantities such as the average coordination of the solid-like particles with other solid-like particles (c ss ) [20] . We analyze the time evolution of this parameter, which directly takes into account the size of the solid-like particles and indirectly the nature of the crystalline-liquid interface. On average in the liquid phase, a small fraction of particles (0.5%) with a solid-like environment are found randomly in the simulation box. In this regime, the value of c ss is close to zero, until nucleation is initiated and a cluster of about 60 solid-like particles with an average local specific volume (40 A 3 =atom) close to the crystalline phase is formed as a consequence of a local statistical fluctuation. At T=T melt 0:8, the fingerprint of this event is a jump in c ss (Fig. 2) , which indicates that the formation of a crystalline embryo, able to grow to the critical size, is not a gradual process. This is a dynamical bottleneck that the system has to overcome in order to initiate the crystallization. This event could not have been detected by monitoring the number of solid-like particles in the liquid, which grows more slowly and is a much less sensitive indicator. These precursors are still much smaller than the critical nuclei and indeed still have a low probability (<0:2) to evolve toward crystallization. This novel result suggests that at moderate supercooling, crystallization is a two-step process characterized by the rapid formation of under-critical precursors fol- 
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105701-2 lowed by a slower growth that, if the critical size is reached, will lead to crystallization.
We now turn to the study of nucleation as a function of the degree of supercooling. In order to do this, a computationally more efficient method than TPS is needed, especially to evaluate G . We use the metadynamics (MTD) method [21, 22] , which is based on a coarse-grained dynamics in the space of few reaction coordinates, biased by a history-dependent potential which drives the system toward the lowest transition state, thus allowing for an efficient exploration of the free energy surface. This method relies on the identification of the appropriate reaction coordinates, which are obtained and validated from the unbiased trajectories generated by TPS. Previous experience has shown that collective coordinates that describe the global crystalline order are not appropriate [23] . For this reason, we define an indicator of local crystalline order by arbitrarily selecting a particle and measuring the Steinhardt order parameter Q 6 [24] of a subset of the N sub nearest neighbors of the tagged particle. In this calculation, we take N sub 350 [25] . The local Q 6 is coupled with the potential energy of the system as a second reaction coordinate. In these simulations, the history-dependent potential is made of Gaussians, whose height and width have been tuned so to achieve an accuracy of 2k B T in the computation of the free energy barrier [22] . The historydependent potential is made of Gaussians 1:5k B T high put every 4 ps. The Gaussian width is 0.01 for Q 6 and 40 kJ=mol for the potential energy. In these simulations, the temperature and the pressure of 0.25 kbar are enforced by the Berendsen thermostat and barostat [26] .
In the range of temperatures between 0.7 and 0:8T=T melt , the crystallization process evolves first along the local order parameter and only later a variation in the potential energy of the system is observed. At T=T melt 0:8, MTD yields a free energy barrier G 35:4 2:0k B T, which agrees with the evaluation obtained by the application of the empirical model to the TPS trajectories. The temperature dependence of as in Ref. [7] has been used, while is assumed constant for such small variations of T [18] . A further confirmation of the validity of these reaction coordinates can be obtained by repeating the MTD at T=T melt 0:75. The value G 23:3 2:0k B T thus obtained is remarkably consistent with the one computed in Ref. [8] at the same supercooling, but at different pressure. This provides a strong cross validation of both the extended CNT model and the choice of reaction coordinates in the MTD runs. In order to locate the transition state, the CPA of the MTD trajectories is performed. We calculated G of these transition state ensembles using our extended CNT model. The results in Fig. 3 show an excellent agreement between MTD and phenomenological model at moderate supercooling, down to T=T melt 0:75. Below this temperature, large fluctuations are observed in the number of solid-like particles at the transition state and consequently in the activation barrier as estimated by our empirical model. At higher supercooling, a breakdown of the model occurs, signaling that freezing proceeds via a process different from nucleation. This is to be expected since mean-field theories [11, 27, 28] predict that the nucleation barrier vanishes at large supercooling where a pseudospinodal singularity influences nucleation. They also predict that the interface of the critical nucleus becomes very broad and eventually diverges at the spinodal [27, 28] . Pioneering simulations have suggested that at high supercooling, crystallization may occur by a collective mechanism [13] , but no definitive proof of the existence of a spinodal line for LJ crystallization has been given yet.
A linear extrapolation of the MTD data predicts that G vanishes at T=T melt 0:64 (Fig. 3) . To verify that in this supercooling range a spinodal instability sets in, we have extended our study of nucleation to deep quenches, up to T=T melt 0:6. At first, we have performed two sets of standard MD simulations at T=T melt 0:65 and 0.7. In these runs, crystallization is achieved spontaneously. The average time lag between quench and crystallization are 0:17 0:05 ns and 2:3 0:8 ns at T=T melt 0:65 and 0.7, respectively. This suggests indeed that G is very low. The progression from standard nucleation to spinodal instability is illustrated in Fig. 4 . The nucleation center is ellipsoidal and compact at T=T melt 0:8. It has a less compact character and it is accompanied by smaller nuclei in the intermediate range T=T melt 0:7. Finally at T=T melt 0:65, it has a branched fractal character with a very broad specific surface. It is worth noting that in all these MD runs, the system never amorphizes, as the single component LJ fluid is not a glass former. In MTD runs at deep quenches (T=T melt 0:65 and 0.6), where the abovementioned set of order parameters is adopted, the basin corresponding to the liquid state is absent, and the transformation involves a variation of the potential energy of the system since the beginning. This evidence suggests that the liquid becomes unstable, rather than metastable with respect to the solid, and crystallization turns into a collective process. In summary, we have presented an analysis of the temperature-dependent behavior of crystallization in a LJ fluid. Our results demonstrate that for shallow supercooling, CNT captures the essential thermodynamic features of freezing, i.e. the height of the nucleation barrier and the size range of the critical nucleus, provided that the approximation of spherical nucleus is abandoned. Nonetheless, the kinetics of the initial stage of the growth of crystalline embryos is characterized by the sudden formation of dense crystalline cluster of finite size. This feature was not predicted by classical kinetic theories that describe nucleation in terms of addition and removal of single particles [29] . It is however consistent with nucleation seen near spinodals in Ising models with long-range interactions [30] . At lower temperatures, we observed a crossover from a classical nucleation regime to a more collective mechanism of freezing, influenced by the existence of a spinodal singularity. The presence of a spinodal effect in the crystallization from the liquid, as predicted by a field theory approach [11] , is here confirmed.
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